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Abstract. The spectral determinant of the Schrodinger operator (—A + V(z)) on a graph is computed
for general boundary conditions. (A is the Laplacian and V(z) is some potential defined on the graph).
Applications to restricted random walks on graphs are discussed.
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1 Introduction

The study of spectral properties of the Laplacian operator
on finite graphs began about fifty years ago. Many differ-
ent domains are interested in the knowledge of those prop-
erties — let us simply mention organic molecules [1], super-
conducting networks [2], vibrational properties of fractal
structures [3], weakly disordered systems [4] and, more re-
cently, quantum chaos [5]. Of course, mathematicians [6]
are also interested in that subject.

Let us come back, for the moment, to the physics of dis-
ordered systems. In [7], the authors emphasized the central
role played by the spectral determinant of the Laplacian in
the computation of the weak localization corrections. By
constructing the Green’s function on the graph, they ob-
tained a compact form for this determinant. (See also [8]
where a path integral approach is developed; in particu-
lar, a trace formula for the Laplacian on a graph [6] is
recovered.)

Recently, the result of [7] was generalized [9,10] to
the spectral determinant det(H + 7) (= S(v)) with
H=-A+V(x). V(x) is some external potential defined
in each point x of the graph and ~ is a constant (spectral
parameter). In [10], the computation was done with the
help of a path integral representation of the spectral deter-
minant and also using time-dependent harmonic oscillator
properties. Schrédinger operators have also been consid-
ered in [11] where the scattering matrix is computed for
graphs made of one-dimensional wires connected to exter-
nal leads.

All this was done assuming continuity of the eigenfunc-
tions at each vertex.

Nevertheless, this “natural”(!) assumption is highly
questionable.

For instance, in [12,13], the authors argue that the re-
duction of a realistic system of coupled tubes to a graph
model is far from being obvious. In particular, serious
problems arise from the finite thickness of the tubes, the

geometry of the connection regions and also from eventu-
ally applied external fields. Analyzing in details a model
of junction (what they call the “geometric-scatterer junc-
tion”), they suggest that it would be more appropriate
to consider general boundary conditions on the resulting
graph.

This is the point of view we will take up in this paper
when computing the spectral determinant'. Moreover, we
will show that “playing” with the boundary conditions
allows us to study some properties of closed random walks
on any graph. For instance, it is possible to count the
number of such walks when the number of backtrackings
on each of them is fixed [15-17].

The paper is organized as follows. In Section 2, we
set up the notations that will be used throughout the
paper. Section 3 will be devoted to the computation of
the spectral determinant S(v) for general boundary con-
ditions. Another expression for S(y) will be derived in Sec-
tion 4 for permutation-invariant conditions. Applications
to countings of restricted random walks on any graph will
be discussed at the end of this section. Finally, a short
conclusion will be given in Section 5.

2 Definitions and notations

We consider a graph G made of V' vertices, numbered
from 1 to V, linked by B bonds of finite lengths. The
coordination of vertex « is mq (ZZ:1 mq = 2B).

On each bond [af], of length l,g, we define the coor-
dinate zog that runs from 0 (vertex «) to lng (vertex 3).
We will also use zga = lag — Tag-

1 Spectral properties of graphs with general — even random —
boundary conditions imposed at the vertices have already been
studied in the context of quantum chaos [14].
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To avoid cumbersome notations, ¢ being some func-
tion defined on the graph, we will simply write f[a 5 @ for

folaﬁ @(:Eaﬁ) dxag.

An arc (af) is defined as the oriented bond
from a to (. Each bond [af] is therefore associ-
ated with two arcs (af) and (fa). In the sequel, we
will consider the following ordering of the 2B arcs:
(lan)(laz) ... (Taum, ) (261) - .. (2Bmy) - - -

Concerning the eigenfunctions ¢ of H on the graph,
we define on each link [af]:

dap = lim é(zas) 5 Ppay = lim dwsa) (1)
dqb(xag) d(b(wﬁa)
/ — . Y = s
¢(aﬁ) = 2ap—0 dzaps ’ (b(ﬁa) T 2pa—0  dxgg )

( ’( of) is the outgoing derivative at vertex « along the

arc (af)).
For the Green’s function G(z,y) (z € [af], y anywhere
on the graph), we similarly define:

Gamy) = lim Glrag.y)

G o) (y) = I;gg ,G(@sary) (3)
. dG(:Eaﬁ y)
/ _ b)
Clapyy) = lim =
. dG(fﬁa y)
/ — I,
Gloa(y) = Im 50 (4)

With the above quantities, we can build the four
(2B x 1) vectors ¢, ¢, G(y) and G'(y), respectively of
components ¢(q3), (b’(aﬁ), G(ap)(y) and G’(aﬁ)(y).

In those conditions, the generalized boundary condi-
tions for the operator H on the graph can be written:

Co+D¢ =0 (5)
where C and D are two (2B X 2B) constant matrices that
don’t depend on 7.

In [18], the authors established the conditions for the
operator H to be self-adjoint: CD' must be self-adjoint
and the (2B x 4B) matrix (C,D) must have maximal
rank 2B.

Local boundary conditions connect, for each vertex «,
the ¢(ap,)’s to the d)’(aﬁ])’s, 1,7 = 1,...,mq. For such
conditions, C' and D can be chosen block-diagonal, the
square block C, (or D,) being of dimension m,. If, in
addition, we assume that, for each vertex «, the conditions
are invariant in any permutation of the nearest neighbours
of a, we can write:

Co = cal +t,Fy,
D, = do1 +w,Fy,

(6)
(7)
where 1 is the unit matrix and F, is a matrix with all

its elements equal to 1. The constants c,, dq, to and wq
characterize the boundary conditions in a.
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Remark that ¢, and d, can’t both vanish because of
the maximal rank condition?.

It is easy to realize that the quantity co¢ag) +
da(bl(aﬁi) doesn’t depend on 4, i.e. it is the same for all
the arcs starting at a. To conclude this section, let us
mention the two limiting cases:

i) do, = 0 that ensures the continuity of ¢ at vertex «
(thus ¢(«) is defined) and leads to

=, [catmaty
D gy =— ("
=1 “

(Ao = 0 corresponds to Neumann boundary condi-
tions).

i) ¢o = 0. In that case, all the outgoing derivatives in «
are equal.

)¢«w-—xa¢@w

Now, we turn to the computation of the spectral de-
terminant S(v)(= det(H + 7)) of the operator H =
—A + V(x) defined on the graph with boundary condi-
tions given by (5).

3 General boundary conditions

As in [7,9], we construct the Green’s function G(z,y) on
the graph:
(v+ H)G(z,y) = (z —y) (®)

and use the relationship:

/ G(z,z)dz = 0, Indet(H + 7). (9)
Graph

In this section, we will consider, for each bond [ag],
two independent solutions, 1, and g4, of the equation:

(H +7) = 0. (10)
Those functions are chosen to satisfy:
Yap(e) =1 5 tap(B) =0 (11)
Ypale) =0 ;5 Ppa(B) =1 (12)
Their Wronskian may be presented as:
— dwﬁa dwaﬁ
Waﬁ = 'lpoeﬁ dxaﬁ 'lpﬁa dmaﬁ
dwﬁa dwaﬁ
= — = —— = o 1
T (0) =~ () = Wae (13

2 Moreover, this condition imposes that, at least, one of the
two matrices, C or Dg, is invertible and can be set equal to
1 because of the homogeneity of condition (5). Finally, self-
adjointness of CD" implies that only two real parameters are,
actually, necessary to characterize the boundary conditions at
each vertex a [19]. This will appear explicitly in Section 4.2
where our results are expressed in terms of the two parameters
No and pq defined in equations (61, 62).
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We also define:

dipa
V(@) = T (o = 0)
dga
ha(8) = T2 e = 0 (14)

So, let us construct this Green’s function G(z,y). We
first suppose that y belongs to some link [ab].
If « is located on another bond [af], we have:

G(ﬂf, y) = G(aﬁ) (y) waﬁ (:E) =+ G(Ba) (y) wﬁa (ﬂf)
Taking the derivative in a and using (13, 14), we get:
Glap) (V) = Gap) (¥) Yos(@) + G ga) (y) Wagp-

On the other hand, if z belongs to the same bond [ab]
as y, G(x,y) must satisfy, when ¢ — 0:

(15)

(16)

Gly—ey)=Gy+ey) (17)
i—G = i—G +1 (18)
€ T=y—e€ € T=y+e

This leads to:

<y Gz,9) = Gap)(y) Yab(®) + G pa) (Y) Vb ()

Vab(y) Voa(T)
+ el (19)
>y G(x,Y) = Gap)(Y) Yab(®) + G pa) (Y) Vo)
Vba(y) Yab(T)
+Pelllu(e) 20)

(x <y means that point x is closer to a than y).
For the derivative in a, we obtain:

I(ab) 1)=G (at) W) Vi (a)+G (ba) (¥) Wap+1Pan (). (21)
Equations (16, 21) can be written in matrix form:
G'(y) = NG(y) — L(y)

where N is a (2B x 2B) square matrix with elements:

(22)

Nag)(un) = 6C¥ltéﬁﬁwlaﬁ (@) + dandpWas (23)
and L(y) is a (2B x 1) vector:
L(y)(ap) = — (0aadpp¥ab(y) + dabdpatlva(y)) . (24)

Equation (22) together with the boundary condi-
tion (5) lead to:

with the square matrix
We deduce:

G(ab) (V) = Tav)(ab) L(Y) ab) + Tavyba) L(Y) va)  (27)

G va) (V) = Ttva)(ab) L(Y) (ab) + T(va)ba) L(Y) ba)  (28)
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and, after simple manipulations:
G(y,y) = Tavy(av) (—Va6()) + Tiva)(ba) (—¥ia(¥))

1
+ <_T(ab)(ba) — Tba)(ab) + W—ab) (Vab(y) Yo (y)) - (29)

To take the trace of G, we must first integrate

ab(y); Via(y) and Yap(y)tea(y) on [ab]. We have shown
in [9] that:

o] 1/’517 =~y (a) (30)
- Uy = — 03434 (0) (31)
wab wba = *aA/Wab' (32)

[ad]

Thus:
/[ ) = T P230(0) + o029
1
+ (Taby (b + T va)(ab) ) O Wap *W—bawWav (33)
a

Now, we sum over all the bonds. With the definitions of
the matrices N and T', we obtain (C and D don’t depend

on v):

/ G(y,y) = Tr ((C + DN)~'0,(C + DN))
Graph

=0y | Y Wy | - (34)

[ad]

Finally, with the observation that Tr((C' +
DN)71'9,(C + DN)) = 9,Indet(C + DN), we get
the spectral determinant (up to an inessential multiplica-
tive constant):

1

S(v) =det(H +7) =[] s det(C + DN)-  (35)
[eB]
where H[ ] -+ means product over all the bonds.

The expression (35) is valid for quite general (even
non-local) boundary conditions®.

It is worthwhile to mention that equation (35) can be,
heuristically, recovered by a path integral approach (see [8]
([10]) for the Neumann case without (with) an external
potential). We will not use this way in the present work.

Coming back to (35) and introducing the matrix R:

R= (/71 + N)(71 - N)™!

3 For local coupling, C and D are block-diagonal matrices.
N is always block-diagonal but not built with the same blocks
as C and D. Thus, no further simplification appears in that
case when evaluating det(C' + DN) in equation (35).

(36)
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we get:
det(H
et(H +7) = HWB det( 1+R)
x det(C — \/vD) det(1 — QR) (37)
— (AD-O)'(ADHC).  (39)
Let us remark that, for the free case (V(z) = 0), the
matrix R is quite simple. Indeed, in that case:
-1
N(ap)(un) = Oapdpn coth /ylag + dandpy LTI
(39)
R(ap)(un) = Sandpue™ V7. (40)

The matrix R couples any arc (af3) to its time-reversed
(Ba). Those considerations will show useful at the end of
this paper.

Now, let us show that, for permutation-invariant
boundary conditions (and V(z) # 0), the spectral deter-
minant can be expressed in terms of a vertex (V x V)
matrix.

4 Permutation-invariant boundary conditions

The boundary conditions are now given by equa-
tions (6, 7).

4.1 With an external potential

To compute the spectral determinant, we will proceed as
before but, this time, we will consider, for each bond, two
other independent solutions, x.g and Xxga, of the equa-
tion (H +v) x = 0. They are chosen, now, to satisfy the
following conditions:

anB
o)+ da 2 () = (a1)
dxa
exan(B) + dg ot (8) = 0 (42)
e
dXﬁa
aXBa = 4
o) + da P ) =0 (13)
dxga
expa(B) +ds D (B) = 1 (44)
TRa
As before, we will set:
dXap . . dxga o
dIaﬁ (Oé) = Xaﬁ (Oé) ) dl‘ﬁa (ﬁ) = Xﬁa(ﬁ)
The Wronskian of xs and xg. writes:
dXﬁa dXa B
« = « - a o’ 4
Wap = Xapgy == Xpagy = =Ws (45)
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With equations (41-44), we get the useful relations:

e (g

caoWg =
CoVVap = dl‘ag

5 daWaﬁ = _Xﬁoc(a)' (46)

Let us show what happens for the Green’s function
G(z,y). We still assume y € [ab].

For = € [af] # [ab], we write:

G(2,y) = B(ap)(¥)Xap () + B(ga)(¥)xpa(x)  (47)

where the quantities B()(y) are to be determined.

Of course, if = € [ab], an additional term of the form
“XabXva/Wap" must appear (see Egs. (19, 20)).

Nevertheless, with the boundary conditions (6,7), it
can be shown that, for any vertex a, the quantity Bag,)(y)
where (; is a nearest neighbour of «, does not depend on 1.
In those conditions, we can set: B(,3,)(y) = Ba(y) and
write for the Green’s function:

i) z € [af] # [ab]
G(z,y) = Ba(y)Xap(®) + Ba(y)xpa(z); (48)
ii) « € [ab]
v<y G(z,y) = Ba(y)Xav(z) + Bo(y)xva()
Xab(¥)Xba ()
+ Wos (49)
T2y G(:L', y) = Ba(y)Xab(x) + Bb(y)Xba(x)
Xba(Y)Xab ()
+Tab- (50)
The boundary conditions lead to the equation:
MB =L (51)

where M is a (V x V) matrix with elements:

Moo = 1+tq (Z Xo; ( ) + wa (Z Xog, (a)> (52)
i=1

Masg = (caWa — tada)Wag if [a5] is a bond  (53)
=0 otherwise.
B and L are two (V x 1) vectors of components:
Bo = Ba(y) (54)
Lo=— (5aaXab(y)(cawa - data)
+0abXva(y)(cows — duty)) - (55)

Solving (51) and taking the trace of G with the rela-
tions [9]:

da /[ = Ol (56)
ab
dy /[ e = 02x0a0) (57)
ab
‘/[ ]Xab Xba = _87Wba (58)
ab
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we finally get the spectral determinant (still up to a mul-
tiplicative constant):

det(H +v) = H
[aB] P

det(M)- (59)

Comparing the asymptotic behaviours of the right-
hand sides of (35) and (59) when v — oo, we establish
the following equality that is valid in the presence of a
potential V(z) and for permutation-invariant boundary
conditions:

[,

(g P

det(C + DN) = [ det(M)-  (60)

(g P

Recall that, for such boundary conditions, C' and D are
block-diagonal matrices given by equations (6, 7).

4.2 Free case
Let us study the case V(x) = 0 still with permutation-

invariant boundary conditions.
With the notations

Co + dg
Na = —\/’7 (61)
Ca — ﬁda
- _ 7t
Ho — Ho
= — 62
P 1+mapa ( )
to £
= VT (63)
Ca £ \/Vda
(60, 37, 38) lead to:
det(1 — QR) =
27V H (Patla) H (1 - nanﬁef%ﬁlaﬁ) det M (64)
o (o]

with the (V x V) M matrix:

—~ 2 Mme 1 <& [ 1+ nang e 2V s
M, = _+_Z< Nalp;

Pala Na Na = 1- ﬂaﬂﬁie_Q‘ﬁl“"i
(65)
— —2e¢~V7lap ) )
Mag = Tp— if [0 ] is a bond  (66)
=0 otherwise.

For permutation-invariant boundary conditions, the
matrices C, D and @ (Eq. (38)) are block-diagonal. The
block @, takes the simple form:

Qo = Mo (_1+po<Foc)' (67)
The only non-vanishing elements of the QQ R matrix are:

(QR)(QB)(;M) = (poﬂ?a — Na 56;4) e Vlen, (68)
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In view of the following application, we will say that
Palla — Mo is the reflection factor in a and p,7n, is the
transmission factor.

Expanding
1
Indet(1 — = - =T "
ndet(1 - QR) g ~ Tr (QR) (69)
and following the development of [8], we finally get:
det(1 - QR) =[] (1 - M(é)e*ﬁl@) (70)

c

where the product is taken over all primitive orbits C.
Recall that an orbit is said to be primitive if it cannot be

decomposed as a repetition of any smaller orbit. I(C) is
the length of C.

An orbit being a succession of arcs ... (ra)(af)...
with, in «, a reflection (if 7 = ) or a transmission (if
T # ), the weight u(C), in equation (70), will be the
product of all the reflection — or transmission — factors
along C.

Henceforth, we will consider the situation where the
spectral parameter 7 is equal to 1 and, in addition:
lap =1

Palla =1 ;5 Na=mn ;

for all the vertices and bonds of the graph.
With u = e~!, (64) takes the simple form:

H (1 —(1- n)nR(av;)um) =(1- n2u2)B—V
Cm

x det ((1 —n*u®)1 +nu®Y —uA) (= Z27")  (71)

m is the number of steps of the primitive orbit C,, and
nr(Cy,) is the number of reflections (backtrackings) oc-
curing along C,,.

Y is a (V x V) matrix with elements Y, = 00 Ma
and A is the adjacency matrix (Aag = 1 if [af] is a
bond, = 0 otherwise).

Setting n = 1 implies ng(Cy,) = 0 in the left-hand
side of (71): we recover Thara’s formula [15,16] where only
primitive orbits without tails and backtrackings are kept.
(Thara [15] established this formula for a regular graph;
the proof for a general graph is done in [16] using a direct
— and somewhat tedious — counting technique).

Now, let us consider random walks with a given num-
ber of backtrackings. Equations (69) and (68) suggest an
expansion in closed random walks on the graph. Taking Z
in (71), we get:

dlnZ x m v , .
“ du :ZZZNm(O‘)(l_U) U

where NP (o) is the number of m-steps closed random
walks on the graph starting at a, with p backtrackings.

(72)
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For the complete graph (each vertex « is linked to all
the other vertices of the graph), we get the results:

NY(a) =0
N(a) = (V= 1)(V —2)
NY(a) = (V= 1)(V =2)(V = 3)
NY(a) = (V = 1)(V =2)(V = 3)(V —4)
NY(a) = (V = 1)(V = 2)(V3 —9V? + 29V — 32) (73)
and also:
Ny(a) = N3(2) = Nj(a) = 0
Ni(a) =5V —1)(V =2)(V = 3)
N (o) =6(V = 1)(V = 2)(V — 3)? (74)

In [17], the same problem is studied with probabilis-
tic methods but for open random walks. Closed walks are
therefore obtained by identifying the starting and end-
ing points but nothing is said about an eventual back-
tracking occurring at that point. So, the results of [17]
(let us call them NP (a)) will, in general, differ from
ours. For instance, we checked for the complete graph,
the relationship:

N (@)

= N3(a) + - N} (o). (75)

(This comes from the complete symmetry of this graph).

5 Conclusion

We have computed the spectral determinant for a
Schrédinger operator on a graph with quite general
boundary conditions. The result is expressed in terms
of an arc matrix. When the conditions are permutation-
invariant, another expression can be derived in terms of
a vertex matrix. Comparison of both expressions allowed
us to study reflection properties of random walks on any
graph.
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The expansion (70) of the spectral determinant in pe-
riodic orbits is the basis for obtaining a trace formula
(see, for instance, [8] where this is done in great details
for Neumann boundary conditions). Unfortunately, in the
general case, the reflection and transmission factors are -
dependent and technical difficulties prevent from getting
a trace formula in an appealing form. So, this problem is
still an open one.

T acknowledge Pr. A. Comtet and Dr. C. Texier for stimulating
discussions.
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